We find the gravitational resonance (quasinormal) modes of the higher dimensional Schwarzschild and Reissner-Nordstrem black holes. The effect on the quasinormal behavior due to the presence of the λ term is investigated. The QN spectrum is totally different for different signs of λ. In more than four dimensions there excited three types of gravitational modes: scalar, vector, and tensor. They produce three different quasinormal spectra, thus the isospectrality between scalar and vector perturbations, which takes place for D = 4 Schwarzschild and Schwarzschild-de-Sitter black holes, is broken in higher dimensions. That is the scalar-type gravitational perturbations, connected with deformations of the black hole horizon, which damp most slowly and therefore dominate during late time of the black hole ringing.
Introduction and basic equations
Two sorts of small perturbations of black holes within general relativity are considered usually: the first consists in adding of a test field to a black hole space-time and thus can be described by a dynamical equation for this field in the background of a black hole. Second way to perturb a black hole is to perturb the metric itself. In this case in order to find the evolution equation one has to linearize the Einstein equations. These perturbations are called gravitational perturbations and are always paid more attention than the first ones. That is because gravitational radiation is much stronger than that of the external fields decaying near the black hole, and also the metric perturbations let us judge about stability of a black hole.
In four space-time dimensions the linearized Einstein equations for perturbations of Schwarzschild black hole can be treated separately for axial (invariant under the change φ → −φ) and polar perturbations. After the separation of angular variables and supposing exponential dependence of the wave function on time (Ψ i ∼ e −iωt ), the final radial wave equations for these two kinds of perturbations have the form of the Schrodinger wave-like equations with some different effective potentials
where the index i designates a type of perturbations. It is a remarkable point that the spectra produced by these two potentials for D = 4 Schwarzschild black hole are the same. What occurs for higher dimensional black hole was the challenge up until now, when Ishibashi and Kodama [1] , [2] , [3] managed to reduce the perturbation equations to three wave-like equations, one for each type of perturbations: scalar (reducing to polar at D = 4), vector (reducing to axial at D = 4), and "new" tensor perturbations. Such a reduction of the linearized Einstein equations to the wavelike form is not trivial work and requires decomposition of the wave functions into the corresponding harmonics which are connected with the symmetry of the background to be perturbed (see for example references in [4] ).
The metric of the spherically symmetric charged static black hole in a D-dimensional space-time with λ term has the form:
where
The effective potentials for scalar, vector, and tensor, gravitational perturbations respectively have the form:
The effective potential for tensor perturbations proved to be equivalent to that corresponding to decay of test scalar field in a black hole background [5] , [6] . When λ > 0 (< 0) one has D-dimensional SdS (SAdS) background. Note that the scalar-type perturbation equations for charged background together with the corresponding Maxwell equations can be reduced to the pair of equations for electromagnetic and gravitational perturbations (see eqs. (5.59) -(5.63) of [3] ), which we shall not write out here, since they are cumbersome.
When perturbing a black hole, its response has resonances at some complex discrete modes. If one denote the general solution at infinity as
where r * is the tortoise coordinate (dr * = dr/f (r)), ψ in ∼ e −iωr * ψ out ∼ e iωr * are radial solutions corresponding to incoming and outgoing radiation at infinity with some complex amplitudes A in , A out . Then the reflection coefficient A out /A in is singular at the resonance frequencies. Therefore one can think that A in vanishes under the non-vanishing A out , i.e. no incoming radiation is permitted at spacial infinity. Since no outgoing radiation can escape the horizon of a black hole, the modes are required to represent purely ingoing waves at the horizon. Thus under the choice of positive sign of the real part of ω, ω = ω Re − iω Im , (Ψ i ∼ e −iωt ) the resonance (quasinormal) modes satisfy the boundary conditions:
Ψ ∼ c ± e ±iωr * as r * → ±∞.
It is important that the quasinormal modes dominate during late-time stages of the gravitational response of a black hole to an external perturbation. This response consists of damping oscillations and is called quasinormal ringing. Note that the quasinormal modes do not depend on way in which they where excited and are determined by a black hole parameters only. Being calculated within the linear approximation of metric perturbations, the existence of quasinormal modes are confirmed in a non-linear analysis. They are important characteristic values of various dynamic processes, such as black hole collisions or decay of different fields in a BH background. In addition it has been revealed recently that the quasinormal modes calculated in AdS gravity have a direct interpretation in the dual gauge theory [7] and, also, help to predict the correct value of a black hole entropy in Loop quantum gravity [8] . Al this stimulated considerable interest in QNMs (see for example [9] and references therein). At the same time the higher dimensional brane models [10] , created new motivations to calculate quasinormal modes of the higher-dimensional black holes [11] , [5] , [12] , [13] .
Thus within different contexts the quasinormal modes corresponding to decay of a free scalar field around the higher dimensional (D > 4) black holes have been considered recently in [14] , [15] , [7] , [16] , [11] , [5] , [12] . We are interested here in calculating of the quasinormal modes of the D-dimensional S, SdS and SAdS black holes for gravitational perturbations. In Sec.II we calculate the QNMs of D > 4 SBH. In Sec.III the case of non-vanishing Λ -term is investigating; this includes black holes in de-Sitter and Antide-Sitter space-times. Sec. IV is devoted to the effect of the black hole charge on the QN ringing. 
Schwarzschild
The effective potentials for vector and tensor potentials for Schwarzschild black holes (see formulas (7) and (9) at Q = 0) is constant at the infinity and at the horizon, and approach a maximum somewhere in between (see [2] for plots of the effective potentials). Together with the boundary conditions (11) this allows us to use the standard WKB approach of Schutz and Will [17] which have been recently extended to the 6th order [5] . Another case is the scalar-gravitational potential (11) which has negative pitch near the event horizon for some values of the parameters D and l. Thus when analyzing this particular type of gravitational perturbations we shall be restricted by those values of D and l for which we have good potential barrier for V s .
In [5] it was shown that the real part of quasinormal modes corresponding to decay of the free scalar field around the D-dimensional Schwarzschild black hole are roughly proportional to D if measured in units 2r
where r 0 is the horizon radius, and for moderate and large D this numerical linear dependence is very accurate.
These QNMs of free scalar field coincide completely with those of the tesor-type gravitational perturbations, which is naturally, since the effective potentials of these two perturbations are equivalent. To compute the QNMs we used the 6th order WKB formula [5] :
where the correction terms of the i-th WKB order Λ i can be found in [17] and [5] , Q = V − ω 2 and Q i 0 means the i-th derivative of Q at its maximum. The fundamental modes for vector and tensor l = 2 potentials are presented in Table 1 (the scalar potential for l = 2 has negative pitch in higher dimensions).
For l = 3 we can obtain with the help of the WKB method the QNMs for all three types of gravitational perturbations. Yet scalar-type effective potential has negative pitch at D > 9, and, what is more for WKB treatment, there is another maximum near the Table II . The fundamental QN frequencies for l = 3 gravitational perturbations of SBH. The effective potential of scalar-type modes has negative pitch when D > 9 at l = 3, and therefore the WKB approach is inapplicable.
event horizon, so that one would have to consider the secondary scattering process near the peak of this sub-minimum. Nevertheless for sufficiently large D we can anticipate the quasinormal behavior, since the horizon radius r 0 does not depend on D in this regime, f (r) → 1 and one can re-scale the wave equation, so that both real and imaginary QNMs are proportional to D [18] . We see that the the more the spin weight of the type of gravitational perturbations to be considered, the more the oscillation frequency and the more the damping rate. Thus that is the scalar type of perturbations that will dominate during the later stages of the quasinormal ringing. That seems to be connected with the fact that, the scalar-type gravitational perturbations describe the brane deformation while the other two are just a worldsheet diffeomorphism if one considers a vacuum brane. It can be explicitly shown that the fluctuation of a vacuum brane is completely described by the master variable for the scalar mode of gravitational perturbations [19] .
The real part of ω behaves similar to that of the perturbations of the free scalar field [5] showing for moderate and large D linear dependence on D with good accuracy.
Λ-term

Schwarzschild-de-Sitter
The effective potentials for Schwarzschild black holes in higher dimensional de-Sitter space-times behave similar to those for asymptotically flat black holes: they approach the constants both at infinity and at the horizon, and have maximum somewhere outside the horizon. The only exception is the scalar-type gravitational perturbations with some values of D and l. Thus taking into account these exceptional cases, we are able to apply the WKB formula of the previous section again.
The presence of positive cosmological constant changes the spectrum of resonance oscillations in the following way: the real part of the oscillations and the damping rate 
We take here M = 1. The typical picture of dependence of the real and imaginary parts of ω as a function of Λ is shown on Fig.1 and Fig.2 .
The QN modes of the Schwarzschild-de-Sitter black hole have been considered in a number of papers (see for example [20] , [14] , [21] , [22] and reference therein). In the regime of th near extremal value of Λ, which corresponds to the maximal mass of the black hole which can be embedded into de-Sitter space-time
the effective potential approaches the Pöschl-Teller potential and the quasinormal modes are best described by the Pöschl-Teller analytic formula [21] . It have been shown also that the sixth order WKB formula gives the values which are in excellent agreement with those of Pöschl-Teller in the near extremal limit [22] . In addition, similar to SBH behavior, the more the spin weight of the type of gravitational perturbations to be considered, the more the oscillation frequency and the more the damping rate.
Schwarzschild-anti-de-Sitter
In AdS space-time there are two parameters which determine the Schwarzschild black hole properties: the horizon radius r + , and the AdS radius R = 3/Λ. As is known from an extensive previous study [7] , [9] , the quasinormal behavior of a black hole in anti-deSitter space-time crucially depends upon the size of the black hole relative to the AdS radius R. In particular, for large black holes (r + ≫ R) the QNMs are proportional to r + , and, thereby, to the black hole temperature T [7] , while for small black holes (r + ≪ R) they approach their pure anti-de-Sitter values as r + → 0 [16] . Asymptotically, for large overtone number n, the QNMs do not depend on the spin of the field being considered and are evenly spaced in n, no matter the size of the black hole [24] . By rescaling of r we can put R = 1. The effective potentials (11), (7), (9) are infinite at spatial infinity. This lead to natural boundary condition: Ψ = 0 at infinity. In the context of ADS d+1 /CF T d correspondence, this boundary condition, being suitable for free massless scalar field, does not guarantee the coincidence with the poles of the corresponding correlation function in the dual gauge theory for gravitational perturbations [23] . Thus which boundary conditions one should impose on gravitational perturbations for the purpose of the CFT is an open question now, [23] , [20] .
Within accepted Dirichle boundary condition, the wave function vanishes at infinity and satisfies the purely in-going wave condition at the black hole horizon. Then one can compute the quasinormal frequencies stipulated by the above potentials following the procedure of G.Horowitz and V.Hubeny [7] . The main point of that approach is to expand the solution to the wave equation Ψ around x + = 1 r + (x = 1/r): (14) and to find the roots of the equation Ψ(x = 0) = 0 following from the boundary condition at infinity. In fact, one has to truncate the sum (14) at some large n = N and check that for greater values of n the roots converge.
Since one can anticipate the QN behavior for small black holes, and for higher overtones [24] , we shall consider here only lowest overtones of large black holes. The data for fundamental QNMs D = 5 BH are collected in Table 1 suming is computing of the quasinormal modes if requiring good accuracy, since one has truncate the sum (14) at larger N. Estimations show that for higher D the n = 0 modes of scalar, tensor types of gravitational perturbations and n = 1 of the vector-type perturbations are roughly the same for large black holes. Since the purely decaying vector-type n = 0 mode do not contribute into the black hole ringing, i.e. do not oscillating, we find that, similar to SBH and SdS BH ringing behavior, the scalar-type oscillating modes have the least damping rate and thereby dominate at late times of the ringing.
For D = 4 SAdS black hole it was found an analytic expression for the fundamental modes of vector-type (odd) gravitational perturbations [24] :
From our numerical data, for arbitrary dimensional AdS black hole this formula can be generalized as follows
Charge
When perturbing a charged black hole there excited two kinds of scalar-type and vectortype gravitational modes: first induced by the potential V + reducing at Q = 0 to the potential for electromagnetic perturbations, and second, induced by V − reducing to the potential for purely gravitational perturbations at Q = 0. At Q = 0, which is the case of RN BH background, there is no quasinormal mode which is purely electromagnetic or purely gravitational; each quasinormal mode will be accompanied by the emission of both electromagnetic and gravitational radiation. Another interesting property of the RN BH ringing was observed in [25] : it appeared that the quasinormal modes of gravitational waves with multi-pole index l coincide with those of electromagnetic waves with multipole index l − 1 in the extremal limit. Then it was observed that this is connected with the fact that the extremally charged RN black hole preserves super-symmetry, and thus responses in a similar way on fields of different spin [26] . We do not observe similar effect in the case for the higher dimensional black holes (see for example Table VII.) In the charged background with D > 4 we have generally two effective potentials for scalar-type modes, two potentials for vector modes, and one potential for tensor-type modes [3] . Yet the scalar-type potentials for some value of l and D have, similar to the case of the neutral black hole, negative pitch near the black hole horizon.
In order to compare the results obtained through the 6th order WKB approximation and numerical QN modes for charged black hole we give in the Appendix the fundamental QN modes for 4-dimensional RN black hole. The agreement for tensor and V + vector modes with numerical data is very good, while for V − the agreement is worse. It is general for WKB approach that the more multi-pole index l, the better accuracy it provides. Table VI . The fundamental (n = 0) quasinormal frequencies, l = 2, for vector and tensor perturbations of 7-dimensional RN black hole.
* ext is near extremal value of Q at which the QN mode converge to some its limiting value. * ext is near extremal value of Q at which the QN mode converge to some its limiting value. The numerical results for this limiting value is taken from the paper of H.Onozawa et. al. [25] .
Discussion
We have been studied the gravitational quasinormal frequencies for higher dimensional S, SdS, and SAdS black holes. The quasinormal behavior crucially different in these three cases: for Λ = 0 the quasinormal modes are inversely proportional to the black hole size (the horizon radius), the presence of Λ > 0 leads to decreasing of the real oscillation frequency and to increasing of the damping time. The presence of Λ < 0 lead to totally different behavior: the quasinormal modes of large and intermediate AdS black holes are proportional to the black hole size (and thereby proportional to the temperature in this regime), and goes to pure AdS limit when the radius of the event horizon goes to zero [16] . In all these points the higher dimensional gravitational modes mimic the behavior of the four dimensional modes. Different features in quasinormal behavior of the higher dimensional black holes is connected with existence of the three types of perturbations: scalar, vector and tensor types of gravitational modes. These three types of perturbations excite three different spectra of quasinormal modes. In particular, the more the spin weight of the corresponding harmonics in which the perturbations are expanded, the greater the real oscillation frequencies and the greater the damping rate. Thus that is the scalar-type modes which damp most slowly and thereby must dominate at later stages of quasinormal ringing. And this is the case of charged background, and also asymptotically de-Sitter or Anti-de-Sitter backgrounds. All found here modes are damping what supports the stability of the above black holes.
Unfortunately, with the help of existent semi-analytical methods, we are not able to find the quasinormal modes of scalar-type gravitational perturbations for a full range of parameters, since the corresponding effective potentials have negative pitch near the black hole horizon. Nevertheless in some of these cases (such as the case of large D) one can anticipate the quasinormal behavior.
Another interesting step in the direction of investingating of gravitational radiation from higher dimensional black holes is the considering the quantum effects such as hawking radiation (see [27] and references therein).
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